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Perturbation method, using the properties of SO (2,1) algebra is applied to get a simple
analytical formula for energy eigenvalues of the exponential cosine screened Coulomb potential.

Recently, a great deal of interest has been fo-
cussed on the exponential cosine screened Coulomb
potential (ECSC)
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Its importance lies in the fact that it is used in de-
scribing the interaction between an electron and an
ionized impurity in both metals and semiconductors
[1—=3]. Also, in Ref. [4] it has been used to describe
the electron positron interaction in a positronium
atom in a solid. The bound state energies of the
ECSC potential were first calculated for the 1 s state
by a numerical method [1] and for the s states by a
variational, perturbation [5] and by the Ecker
Weizel [6] approximation. Lai [7] has calculated the
energy eigenvalues for all the states by Pade ap-
proximation. Hitherto, all the works on the ECSC
potential except the perturbation method of [5]
needed fairly extensive numerical calculations to
evaluate the bound state energies. However, though
simpler, the perturbation technique of [5] gives
results for large 4 which are in wide disagreement
with results of Pade approximation estimate. (It is
well known that the results obtained by Pade ap-
proximation are fairly accurate.) In this paper we
shall use a group theoretic technique based on the
application of the algebra of SO (2,1) group to find
a simple formula for the energy eigenvalues of all
the states. Details of the method will be published
elsewhere.

Before going into Schroédinger’s equation we dis-
cuss some of the basic properties of SO (2, 1) group.
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The generators 17, T;, T3 of SO (2, 1) group obey the
following commutation relations
[.h]=-iT, [L,B]=iT, [B,5]=ih, ()
and the Casimir invariant is

g=%F—-I'—-5. 3)

Now choosing 7;, T3, T; in the following way [8]:
1 . 0
h=—z(@rd+r), h=—i{l+r—]|, 4
or
T;=—3(rd—r), where
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it is easily seen that 7}, T5, T; satisfy the commuta-
tion relations (2).

Introducing the operators 7. = 7} = i T, we obtain
from (2) and (3)

[H:. L] =5: [BT]=-1T3 [LL]=2F (&)
and Q=T-3(LT-+TT). (7)
The Hermitean representation of the algebra of
SO (2,1) generated by T3, T is given by

L l,mny=n|lmny,

LllLmny=VI+1%tn (Xn=1)|Lmntl), (8)
(BF-T-T) | ,mny=1(+1)|l,m, ny,

where n=n,+/+1, n, being the radial quantum
number and / being the orbital angular momentum.

The ECSC potential can be expanded in a power
series of the screening parameter 4 as
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where the potential coefficients ¥ are given by where H — E is given by the bracketed portion of
| (15) divided by 2n exp(— 6) and then added by E.
Vi=—1, =0, V=—; Expanding the last three terms of (15) and col-
3 (10) lecting only the diagonal terms we get after some
Ve — 1 V= R . straightforward algebra
6" 30 . P20 of I
Here, we use atomic units so that the distances are EH &)= R L 3 Ae(Sx=3y+1)
measured in ay =k h*/m*e? and energies in |
m* e*/k*h?, where m* is the effective mass and k + - e 30 (35x +25x2—-30x2y+3)2—6y)

the dielectric constant.
The Schrodinger equation with potential (1)

73740 (63x*+87x2+ 6
reads 240

—70x2y—38y+15)?), (18)

1 1 ’
{_74 ——e " cos A r; Y(r)=E¥(r). (11)  where
:

Substituting (10) in (11) we get F=RbiFl, P=ili+l). (15

) Now, we demand that 6 will be such that E will be
{—I'A—2+2/'.r—2Er—?/'.3r3 minimum,
0)
1 1 . dE,;(0)
+?;‘4"4_F/ r } (P(’)_ (12) I.E.T 0 (20)
and

In terms of the generators T3, T+, (12) reads dzE,(,?} ) o

=Tl 20a)
T T, T ; (
In+2*+7—2+(2/—25)(r3—7+—7) ai
X , Substituting E,(,O} (#) from (18) in (20) we get
2 T, T_\ 1 T T
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We now give the ‘tilt’ transformation [9] to each i
of the operators as + g—o (63x*+87x2+6-70x2y— 38y +15)%)=0.

e‘iTZ"?}e’T29=T3cosh(9+(T—++T—_)Sinh0. . _
2 2 Equations (18) and (21) together give EV) for
various values of /.

In Tables 1—4, we list the energy eigenvalues of

e BT 'R0 =T cosh®+ Ty sinh 0. various states for values of 4 not greater than 0.5.

e RO R0 =T cosh@+ Ty sinh 0, (14)

Using (14) in (13) we get

T T_ T T_
04T 04 =02 ] — ol At
{Be + 5 e+ > e"—2+R2A—-2E)e (7} > 5 ) (15)
2 T P T, T_\* 1 T T_\
i 43 30 T——*———‘— +— 440 T——+—— )5 50 T__+__ }‘1”=0,
34¢ (3 2 2 )T\ T T s\ BT T
7 1 ,iTh0 e S
E FeE (16) As can be seen from Tables 1—4 our results even

We t: . z
s ke e zerath-arder anengy as in the lowest order agree to within 2% for the entire

EY)0)y=<{(nl (H-E) nl), (17) range of values of £ upto 0.4. In order to compare
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Table 1. Energy eigenvalues for the ls state in atomic  Table 3. Energy eigenvalues for the 3 S, 3p and 3 d states
units. in atomic units.
/ E (Present) E (Pade) E (Pertur-  E (Varia- /. E (Present) E (Pade) E (Pertur- E (Varia-
bation) tional) bation) tional)
0.06 —0.440200 —0.440201 —0.440201 —0.440201 0.02 3S —0.036025 —0.036025 —0.036022 —0.036025
0.08 —0.420463 —0.420464 —0.420464 —0.420464 3p —0.0.35968 —0.035968 —0.035965
0.10 —0.400883 —0.400885 —0.400883  —0.440885 3d —0.035850 —0.035851 —0.035849
0.20 —0.306268 —0.306335 —0.306235 —0.306334 _ = _ o
0.30 —0.218939 —0.219416 —0.218619 —0.219411 004 ;}S) _88}2%; _88%2%3 COL07 ~liistd
0.40 —0.140662 —0.142439 —0.139153 —0.142418 3d —0017663 —0.017682
. —0.07352 —0.07767 —0.068047 —0.077606 ' ’
050 PEEEE il i 0.05 3S -0.011677 —0.011576
3p —0.010954 —0.010929 —0.010538
3d —0.009493 —0.009555 —0.009292
0.06 3S —0.005875 —0.005462 —0.004538 —0.005454
3p —0.004606 —0.004472
3d -0.002140 —0.002309
Table 4. Energy eigenvalues for the 4S, 4p, 4d and 4f
Table 2. Energy eigenvalues for the 2S and 2 p states in  States.
atomic units. -
pA E (Present) E (Pade) E (Pertur- E (Varia-
A E (Present) E (Pade) E (Pertur- E (Varia- bation) tional)
bati tional
s AR . 0.01 45 —0021438 —0.021438 —0.021436 —0.021437
0.02 2S —0.105104 —0.105104 —0.105104 —0.105104 4p 0021424 0021424 —0.021424
2p —0.105075 —0.105075 —0.105075 4d -0.021398 -0.021398 —0.021397
0.04 2S —0.085769 —0.085769 —0.085767 —0.085769 H =08 ~BBLEG ~Ra
2p —0.085580 —0.085591 0.02 4S —0.012581 —0.012572 —0.012539 —0.012572
006 28 —0.067419 —0.067421 —0.067385 —0.067421 R U e L
2p —0.066767 —0.066778 f y y
p 4f —0.012034 —0.012038 —0.012019
0.08 2S —0.050382 —0.050387 —0.050222 —0.050384
0.03 4S —0.005382 —0.005270
0.10 2S —0.034951 —0.034941 —0.034425 —0.034935 4d -0.004550 —0.004539
2p —0.032330 —0.032469 —0.032042 4f —0.003715 —0.003748

our perturbation method with that of [5] and [6] we
have calculated the energy eigenvalues for A=0.5
for 1s state and for 2 =0.06 for 3S, 3p, 3d states
and we have got much better agreement than both
the References. We remark here that to get the
results we had to retain terms of the order of A°
only, whereas terms of the order of 4*! were needed
in [7] to get the results which are within 98 per cent
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